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A relativistic quantum-mechanical description of guided waves is given, based on 
which we present an alternative way to describe and interpret the propagation of 
electromagnetic wave packets through an undersized waveguide. In particular, we show that 
the superluminal phenomenon of evanescent modes is actually a known conclusion in 
quantum field theory, and it preserves a quantum-mechanical causality. 
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I. INTRODUCTION 
Traditionally, the propagation of electromagnetic wave packets through an undersized 
waveguide is interpreted in terms of “photonic tunneling”, which is based on a 
mathematical analogy between the Helmholtz equation describing evanescent modes and 
the nonrelativistic Schrödinger equation describing a quantum-mechanical tunneling [1-3]. 
However, this theoretical framework has the following shortcomings: firstly, the photon’s 
equation of motion is a relativistic one while the Schrödinger equation is a nonrelativistic 
one, and then this analogy is reasonable in mathematics but not in physics; secondly, an 
appropriate description for the propagation of evanescent modes should be based on the 
photon’s quantum mechanics itself, rather than a quantum-mechanical analogy. 
On the other hand, in QED the elementary field quantity is a four-dimensional (4D) 
electromagnetic potential, the quantum theory of the photon is directly a quantum field 
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theory, while the photon’s relativistic quantum mechanics (i.e., the first-quantized theory) is 
absent. However, in spite of QED’s great success as well as the traditional conclusion that 
single photon cannot be localized [4-5], there have been many attempts to develop photon 
wave mechanics which is based on the concept of photon wave function and contains the 
first-quantized theory of the photon [6-13], and some recent studies have shown that 
photons can be localized in space [14-16]. These efforts have both theoretical and practical 
interests. To present a rigorous argument for the existence of evanescent modes’ 
superluminal behavior, one can resort to photon wave mechanics in which photon wave 
function is formed by electromagnetic field intensities and can be regarded as 
energy-density amplitude (being an extension for the concept of probability amplitude in 
nonrelativistic quantum mechanics). Choosing a different photon wave function (i.e., a 
different representation of the Lorentz-group), one can obtain a different description of 
photon wave mechanics, but all of them can give the same physical conclusions about the 
existence of superluminal behaviors. However, we would rather choose a 6×1 photon wave 
function that transforms according to the (1,0) (0,1)⊕  spinor representation of the Lorentz 
group, which due to the following reasons: 1) in contrast to the photon wave mechanics 
developed in previous literatures, the Dirac-like equation in our formalism has the 
Lorentz-covariant form, and there is a closely analogy between its mathematical structures 
and those of the Dirac equation, which is an aid to our discussions. In particular, via photon 
wave mechanics developed in our formalism, a relativistic quantum theory of photons 
inside a waveguide, at both the first- and second-quantized levels, can be developed. 2) The 
previous photon wave mechanics is short of a canonically theoretical framework from the 
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first- to second-quantized levels, where the negative-energy solution and the solution 
describing the admixture of the longitudinal and scalar photon are usually discarded by 
hand, these will present some problems. In contrast to which, in our formalism, photon 
wave mechanics has a systematically framework at both levels (first and second) of 
quantization, and here the negative-energy solution is reasonably preserved (this is in 
agreement with the standard relativistic quantum theory); the solution describing the 
admixture of the longitudinal and scalar photon states is kept and physically its contribution 
to energy and momentum is discarded in a natural way. 
In view of all mentioned above, in this paper we will try to provide a relativistic 
quantum-mechanical description for guided waves, and at its second-quantized level, we 
present an alternative way to describe and interpret the propagation of electromagnetic 
wave packets in undersized waveguides. In addition to our work presented here, recently 
QED-based studies of evanescent modes came to the same conclusion, and a successful test 
of these predictions with experimental data has been presented [17]. In the following, the 
natural units of measurement ( 1c= == ) is applied, repeated indices must be summed 
according to the Einstein rule, and the space-time metric tensor is chosen as 
, diag(1, 1, 1, 1)gμν = − − − 3, 0,1, 2,μ ν = . For our convenience, let , instead of ( , )x tμ = −x
( , )x tμ = x , denote the contravariant position 4-vector (and so on), and then in our case 
ˆ i i i( ,tp x
μ
μ μ= ∂ ∂ ≡ ∂ = ∂ −∇)  denote 4D momentum operators. 
II. PHOTON FIELD AS A SIX-COMPONENT SPINOR FIELD  
In vacuum the electric field, 1 2 3( , , )E E E=E , and the magnetic field, , 
satisfy the Maxwell equations  
1 2 3( , , )B B B=B
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                  t∇× = −∂E B , t∇× = ∂B E ,                         (1) 
                  , 0∇⋅ =E 0∇⋅ =B .                              (2) 
Let ( ) ii jk ijkτ ε= − , , where , , 1, 2,3i j k = ijkε  is a totally antisymmetric tensor with 
123 1ε = . By means of matrix vector 1 2 3( , , )τ τ τ=τ  and the quantities (  denotes the 
 unit matrix, )  
n nI ×
n n× 2,3, 4...n =
               3 30
3 3
0
0
I
I
β ×
×
⎛ ⎞= ⎜ ⎟−⎝ ⎠
, ,                       (3) 
0
0
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β
τ ⎟
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E E
E
⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
1
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3
B
B B
B
⎛ ⎞⎜= ⎜⎜ ⎟⎝ ⎠
⎟⎟ ,                                  (4) 
                1
i2
E
B
ψ ⎛ ⎞= ⎜⎝ ⎠⎟
0= )
,                                       (5) 
one can rewrite the Maxwell equations as a Dirac-like equation 
             i , or ( )xμ μβ ψ∂ ˆi ( ) (t x H xψ ψ∂ = ,                       (6) 
where ˆ iH = − ⋅∇χ  represents the Hamiltonian of the free photon and 0β=χ β . Let 
 be the orbital angular momentum operator, one can easily obtain 
, where  satisfying 
ˆ ( i )= × − ∇L x
ˆ ˆ[ , ] 0H + =L S 2 2I ×= ⊗S τ 6 61(1 1)I ×⋅ = +S S  represents the spin 
matrix of the spin-1 field. In fact, one can show that the 6×1 spinor ( )xψ  transforms 
according to the (1  representation of the Lorentz group, and can prove that 
, where 
,0) (0,1)⊕
( )( ) Ωμ ν μμ ν μβ β∂ ∂ = ∂ ∂ + ( ) 0Ω xψ =  is identical with the transverse conditions 
given by Eq. (2),  thus Eq. (6) implies that the wave equation ( ) 0xμ μψ∂ ∂ = , where 
            ,                           (7) (12 2 2 1 2 3
3
Ω [I ×
∇⎛ ⎞⎜ ⎟= ⊗ ∇ ∇ ∇ ∇⎜ ⎟⎜ ⎟∇⎝ ⎠
)]
Let ( , )kμ ω= k  denote the 4D momentum of photons ( 1== c= ), where ω  is the 
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frequency and th
       
k  e wave-number vector. The fundamental solutions of the Dirac-like 
equation (6) are represented by the positive- and negative-frequency components, 
respectively 
      
1 2
,
1 2
,
( ) ( ) ( , ) exp( i )
( ) ( ) ( , ) exp(i )
k
k
x V f k k x
x V g k k x
λ
λ
φ ω λ
φ ω λ−
⎧ = − ⋅⎪⎨ = ⋅⎪⎩
,                     (8) 
where , 3(1/ )d 1V x =∫ 1,0λ = ± , and 
               
2
( , )1( , )
( , )1
f k
ε λλ λε λλ
⎛ ⎞= ⎜ ⎟+ ⎝ ⎠
k
k
,                             (9) 
               
2
( , )1( , )
( , )1
g k
λε λλ ε λλ
⎛= ⎜ ⎟+ ⎝ ⎠
k
k
⎞ ,                             (10) 
where ( ,0)ε k  is the longitudinal polarization vector of the photons, while ( ,1)ε k  and 
( , 1)ε −k the right- and left-hand circular polarization vectors, respec  Let 
)  denote the complex conjugate of ( , 1)
 are tively.
( , 1ε ∗ −k ε −k  (and so on), in matrix form, 
1k k⎛ ⎞⎜ ⎟3 2
1 2
2 3 1*
1 2
1 2
i
i
i1( ,1) ( , 1)
i2
( i )
k
k k
k k k
k k
k k
ε ε
−
−⎜ ⎟⎜ ⎟+⎜ ⎟= − = −⎜ ⎟⎜ ⎟− +⎜ ⎟⎜ ⎟⎝ ⎠
k
k
k k
k
, 
1
2
3
1( ,0)
k
k
k
ε
⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
k
k
        .          (11) 
Correspondingly, 1,0λ = ±  represent the spin projections in the direction of . As we 
lectroma
k
know, when the e gnetic field are described by an 4D electromagnetic potential, 
there involves four polarization vectors respectively describing four kinds of photons, while 
described by the 6×1 spinor ( )xψ  (constructed by the electromagnetic field intensities), 
there only involves three pol ion vectors. Therefore, in our framework, the 0arizat λ =  
solution describes the admixture of the longitudinal and scalar photon states, while the 
1λ = ±  solutions describe the transverse photon states. 
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ε +  stand for the Hermitian conjugate of ε  (aLet nd so on), one has  
                  ( , ) ( , )
( , ) ( , )
3 3I
λλε λ ε λ δ+ ′
λ
ε λ ε λ+ ×
′⎧ =⎪ k k⎨ =⎪⎩∑ k k
.                            (12) 
The fundamental solutions given by Eq. (8) satisfy the orthonormality and completeness 
                 
0
relations 
0 0
3 3
, , , ,
3 3
, , , , , ,
d d
d d
k k k k
k k k k
x x
x x
λ λ λ λ λλ
λ λ λ λ
φ φ φ φ ωδ
φ φ φ φ
+ + δ′ ′ ′ ′− −
+ +
′ ′ ′ ′ ′− −
⎧ = =⎪⎨ = =⎪⎩
∫ ∫
∫ ∫
kk
k k
′ ′
,                (13) 
                 
0 0
3
, , , , , , 6 6( )dk k k k x Iλ λ λ λ
λ
φ φ φ φ ω+ +− − ×+ =∑∫ k k .                  (14)  
Substituting x( ) exp( i )k k μ μϕ −  into Eq. (6) one has det( ) 0ω − ⋅ =χ k . Let T )
 momentum of th
T T( ,k
μ ω= −k  
denote the 4D e transverse photons (corresponding to the 1λ = ± solutions), 
while L L L( , )k
μ ω= −k  the 4D momentum of the longitudinal and scalar photons (both 
corresp 0onding to the λ =  solution), using det( ) 0ω − ⋅ =χ k  and Eq. (2) one has  
                 1 T Tω± ≡ = k , ω 0ω L L 0ω≡ = =k ,                     (15) 
whic h the traditional conclusions th in agreement wit hat the contributions of the 
longitudinal and scalar photons to the energy and momentum cancel each other. In the 
following treatment, for convenience the  0=λ  solution is kept and only in the end let 
0→μLk  for the 0=λ  solution. 
Consider that antiphotons are identical with photons, we expand the general solution of 
Eq. (6) via the fundamental solutions ,k λφ  and ,k λφ−  as 
            , ,
,
1( ) , ) ( ,x a k[ ( ) ]
2 k k
k aλ λ
λ
ψ λ φ += +∑ λ φ−
k
.                 (16) 
Let 0ψ ψ β+≡  (and so on), consider that ( )xψ  corresponds to the (1,0) (0,1)⊕  
representation of the Lorentz group, one can prove   that 
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                  ( )(i ) ( )x xμ μψ β ψ= ∂L                                 (17) 
is a ension is [1/length Lorentz scalar, but its dim ]5 rather than [1/length]4, and then we call it 
pseudo-Lagrangian density. Applying the variational principle in 4dA x= ∫L  one can 
obtain the Dirac-like equation (6). Consider that the frequency 0ω > apply the 
inverse of the operator i t− ∂ , denoted as 1( i )t
, we can 
−− ∂ , to define the canonical momentum 
conjugating to ( )xψ  as  
               1 1( i ) ( i ) itt
π ψψ ψ
− − +′∂ ∂ ∂≡ − = = − ∂∂ ∂ ∂ 
L L ,                       (18) 
where tψ ψ= ∂ , and 
                  1[( i ) ( )]i ( )t x x
μ
μψ β ψ−′ ≡ − ∂ ∂L                           (19) 
is called pseudo-Lagrangian density with dimension [1/length]4. The conserved charges 
related to the invariance of ′L  under the space-time translations, are the 4D momentum 
(say, ( , )p Hμ = p ) of the photon field, and they can be expressed as 
                 3[ ( ) ( ) ]dH x x xπ ψ ′= −∫  L ,                              (20) 
3[ ( ) ( )]dx xπ ψ= − ∇∫p                 x . 
To obtain the canonical commutation relation
                               (21) 
s in our formalism, we must start from the 
traditional ones satisfied by the 4D electromagnetic potential (say, ( )A xμ , 0,1,2,3μ = ) 
                 [ ( ), ( )] i ( )A x A y g D x yμ ν μν= − − ,                         (22) 
w
     
here   
3
3
d 1i ( ) [exp( i ) exp(i )]
(2π) 2
kD x k x k xω≡ − ⋅ −∫ ⋅ .                 (23) 
Using Eqs. (4)-(5  ), (22)-(23) and 
               0i i 0 iA , i ijkBE A= ∂ − ∂ j kAε= ∂ ,  , , 1, 2,3i j k = ,             (24) 
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one can obtain the following canonical commutation relations 
3
T[ ( , ), ( , )] i ( ) 2i j ijt tψ π δ δ′ ′⎧ = − −⎪⎨              3
3 3 T[ ( , ), ( , )] i ( ) 2i j ijt tψ π δ δ+ + ′ ′= − −⎪⎩ x x x x
,                  (25) 
with the other commutators vanishing, where 
x x x x
2
T ( )ij ij i jδ δ≡ − ∂ ∂ ∇  is the transverse delta 
 the following commfunction. Using Eqs. (16), (18) and (25), we get utation relations 
                 [ ( , ), ( , )]a k a k λλλ λ δ δ+ ′ ′′ ′ = kk ,                          (26) 
with vanishing. For the momeother commutators nt, Eq. (6) can be obtained from 
Heisenberg’s equation of motion i[ , ]t Hψ ψ∂ = . Using L L L( , ) 0k μ ω= − →k  and Eqs. (20), 
(21), (26), one has 
              
1
[ ( , ) ( , ) (1 2)H a k a k
λ
ω λ λ+
=±
= +∑∑
k
 ] ,                      (27) 
]               
1
[ ( , ) ( , )a k a k
λ
λ λ+
=±
=∑∑
k
p k .     
This h the traditional theory.  
 one can prove that 
                       (28) 
 is in agreement wit
Furthermore, applying Eqs. (9), (10) and (12)
    6 6
1 1
[ ( , ) ( , )] [ ( , ) ( , )] ( 2 )(f k f k g k g k k Iμμ
λ λ
λ λ λ λ β ω
=± =±
= =∑ ∑ )× ⊥ ,         (29) 
where 
             ) 6 6 2 2
1
( ) ( , ) ( ,I I
λ
ε λ ε λ+× ⊥ ×
=±
≡ ⊗ ∑ k k  .                     (30) 
In ou fine the free Feynman propagator or formalism, let us de f the photon as:  
1
f 1 2 1 21i ( ) (i ) 0 T ( ) ( ) 0R x x t x xψ ψ−− ≡ ∂ ∂ ,                              (31) 
where 0  stands for bol, i.e.    the vacuum state, is the time order symT  
              1 2 1 21 2
( ) ( ),  
T ( ) ( )
2 1 2 1( ) ( ),  
x x t t
x x
x x t tβ α
ϕ
ψ ϕ >⎪⎩
        (32) 
App  Eq. (29) one can prove that  
              )
α β
α β
ψϕ ψ >⎧⎪= ⎨ .            
lying L 0k
μ →  and
f 1 2 T 1 2i ( ) i i (R x x x x
μ
μβ δ− = ∂ Δ − .                      (33) 
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where 1x
μ
μ∂ , T= ∂ ∂ δ  is the transverse delta functio 2T ( )ij ij i jδ δ≡ − ∂ ∂ ∇n: , 3, 1, 2,i j = , 
i ( )xΔ  is propagator of massless scalar fie
               
 the free Feynman lds: 
4d i
(2π) i
k
4 2i ( ) exp( i )x k xΔ = − ⋅∫ ,                       (34) 
where 
k ρ
+∞
−∞ +
ρ  is an infinitesimal real quantity. One can examine that  
                 4f 1 2 1 2(i ) ( ) ( )R x x x x
μ
μβ δ∂ − = − ,                       (35) 
 That i f 1 2i ( )R x x−  is the Green function of the Dirac-like equats, ion (6). 
    to note that, there is an alternati
 
 It is very important ve way of developing our theory: 
to define an inner product and the mean value of an operator Lˆ  as 3d xψ ψ ψ ψ+′ ′≡ ∫  
and 3ˆ dL L xψ ψ+≡ ∫ , respectively, the solutions of the Dirac-like equation (6) can be 
rechosen as those having the dimension of [1/length]3/2 (rather t n [1/ t 
they spond to the (1,0) (0,1)
ha length]2), such tha
no longer corre ⊕  representation of the Lorentz group, but 
rather to particle-number density amplitude. This presents no problem provided that one can 
ultimately obtain Lorentz-covarian les. In fact, in nonrelativistic quantum 
mechanics, the wave functions of all kinds of particles stand for probability amplitudes with 
the dimension of [1/length]
t observab
3/2, and do not correspond to any representation of the Lorentz 
group. In the first-quantized sense, the field quantities presented in our formalism can be 
regarded as charge-density amplitude or particle-number density amplitude, which is an 
extension for the concept of probability amplitude. For the moment, the normalization 
factor presented in ( )xψ  is chosen as 1 V  instead of the original Vω  (see Eq. 
(8)), and the factor of ω  no longer appears on the right of Eq. (13) and (14). In particular, 
now the Lagrangian density ( )(i ( ))x xψ ψ= ∂L  has the dimension gth]μ μβ of [1/len 4, the 
canonical momentum conjugating to ( )xψ  is defined according to the traditional form of 
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iπ ψ ψ += ∂ ∂ =L , and the gator of the photon is redefined as free Feynman propa
f 1 2 1 2i ( ) 0 T ( ) ( ) 0R x x x xψ ψ− ≡ . However, all the final physical conclusions are preserved  
the Dirac-like equation (6) is valid for all kinds of electromagnetic fields 
e-varying and static fields, the transverse and longitudinal 
By the way, 
outside a source, including the tim
field
fields 
trans
s, and those generated by an electrical or magnetic multipole moment, etc. In particular, 
Eqs. (8)-(10) and (5) together show that the symmetry between the positive- and negative- 
energy solutions corresponds to the duality between the electric and magnetic fields, rather 
than to the usual particle-antiparticle symmetry. Moreover, in the positive-energy solutions 
E has longitudinal component while B not; in the negative-energy solutions B has 
longitudinal component while E not. Therefore, if the positive-energy solutions are regarded 
as the fields produced by an electric N-pole moment, then the negative-energy solutions can 
be regarded as the fields produced by a magnetic N-pole moment (N=2, 4, 6,…) [18]. 
III. RELATIVISTIC QUANTUM THEORY OF GUIDED WAVES 
As we know, on one hand, the TEM mode (both the electric and magnetic 
perpendicular to the direction of propagation) cannot propagate in a single conductor 
mission line, only those modes in the form of transverse electric (TE) and transverse 
magnetic (TM) modes can propagate in the waveguide. On the other hand, however, there 
has another useful way of looking at the propagation, that is, the guided waves can be 
viewed as the superposition of two sets of plane waves (i.e., the TEM waves) being 
continually reflected back and forth between perfectly conducting walls and zigzagging 
down the waveguide, the two sets of plane waves have the same amplitudes and frequencies, 
but reverse phases. Usually, the propagation of the electromagnetic wave through an ideal 
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and uniform waveguide is described by a wave equation in (1+1) D space-time. However, in 
our formalism, we will generally place the waveguide along an arbitrary 3D spatial 
direction, by which we will show that guided waves have the same behaviors as de Broglie 
matter waves, and in terms of the 6×1 spinor defined by Eq. (5), we obtain a relativistic 
quantum description for the guided waves at both levels (first and second) of quantization.  
In a Cartesian coordinate system spanned by an orthonormal basis 1 2 3{ , , }e e e  with 
3 1 2= ×e e e , we assume that a hollow metallic waveguide is placed along the direction of 3e , 
and the waveguide is a straight rectangular pipe with the transversal dimensi d 2b , 
without loss of generality. It is also assumed that the waveguide is infinitely 
long and its conductivity is infinite, and the electromagnetic source is localized  infinit  
In the Cartesian coordinate system 1 2 3{ , , }e e e , let ( , )kμ
ons 1b  an
let 21b b>  
at y.
ω= k  denote the 4D momentum 
of photons inside the waveguide, then the wave-number vector is 1 2 3( , , )i ii k k k k= =∑k e  
and the frequency ω = k , where 1 1πk r b=  and 2 2πk s b=  ( 1, 2,3...r = , 0,1, 2...s = ), 
and the cutoff frequency of the waveguide is 2 2c 1 2 πrs k kω = + =  
simplicity, we shall r our discus e lowes tof y 
2
1 2( ) ( )r b s b+
estrict t-order cu f frequenc
2 . For
sion to th c 1π bω = .  
We define the effective mass of photons in cm ω= , theside the waveguide as n the 
photon energy E ω=  satisfies 2 2 23E k m= + . To obtain a Lorentz covariant n, formulatio
let u basis 
 suc
ion. Let 
s rechoose a Cartesian coordinate system formed by an orthonormal 1 2 3{ , , }a a a  
with 3 1= ×a a a h that in th inate system, one has 3 3 j jjk p= =∑e a p . 
That is, in the new coordinate system, the waveguide is put along an arbitrary 3D spatial 
direct 3 0≥  without loss of generality. If 
2 , e new coord
k 3 0k = >p , in the  
1 2 3{ , , }a a a , the unit vectors ie  ( 1,2,3i
 coordinate system
= ) can be expressed as 
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2 2
1 3 2 1 1
1 2
2
( ,1) ( , , )
p p p p p2 3 1 2
1 2 2 2 2
1 2
2
1 2 3 1 2 2 3 1 2
2 2 2 2 2
1 2 1 2
3 1 2 3
( ) ( )
( , 2) ( , , )
( ) ( )
1( ,3) ( ,1) ( , 2) ( , , )
p p p p
p p p p
p p p p p p p p p
p p p p
p p p
⎧ + −
             
= =⎪ + +⎪
= = −⎨ + +⎪⎪ = = × = =⎪⎪⎩
p p p
p
e e p
p p p
pe e p e p e p
p p
.          (36)  
Obviously, as 
−
⎪ − +⎪
p p
e e p
p
3 3p k→ =p  such that , one has 3(0,0, )p→p ( )i j ijδ=e , i.e., i i=a e  
( , 1, 2,i j = 3). For a spin-1 particle with the 3D momentum p , the base vectors 
s three linea  vectors. In 
1 2 3{ , , }e e e  
can represent it r-polarization fact, let ( , )λε p te the vector 
fo , )
 deno
rm of (ε λp  (given by Eq. (11) with the replacements o i ik p→ , 1, 2,3i = ), one has 
               
f 
( ,1) [ ( ,1) i ( , 2)] 2
( , 1) [ ( ,1) i ( , 2)] 2
⎧ = +
− = −⎨⎪ = =
ε p e p e p
ε p e p e p .                        (37)
( ,0) ( ,3)
⎪⎪
⎪⎩ε p e p p p
 
That is, { ( , )λε p , 1,0λ = tion of 1 2 3{ , , }e e e  and represents ± } is the spinor representa
three circular polarization vectors of the spin-1 particle. 
coordinate systemIn the  1 2 3{ , , }a a a , one can read ⊥= +k k  
            1 2( ,1) ( ,2)k k⊥ ≡ +k e p e p , 
&k , where 
3 3i ii
p k= = =∑k p& a e ,              (38) 
stand . 
Furth n write the dispersion elation of photons ins
 for k ’s components being perpendicular and parallel to the waveguide, respectively
ermore, one ca  r ide the waveguide as 
2 2 2E m= +p , it has the same form as the relativistic dispersion relation of free massive 
particles, where the cutoff frequency c mω ⊥= = k  plays the role of rest mass, while p  
 momentum of photons along the waveguide, such that the photons moving 
through the waveguide have an effectiv tum L ( , )p Eμ
represents the
e 4D momen ≡ p .  
According to the waveguide theory, the group velocity ( gv ) and phase velocity ( pv ) of 
photons along the waveguide are, respectively (note that 1c= == ) 
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2
g c
2
p c
( ,3) 1 ( / )
( ,3) 1 ( / ) (
Eω ω
ω ω
⎧ = − =⎪
= − =⎪⎩
v e p p
v e p e p
              
,3) E
⎨
p
.                 (39) 
Then one can obtain the following de Broglie’s relations:   
2
g p
2 2
1  
 
c
E mω ω
⎧ ⋅ = =⎪⎪ = =⎨⎪ & &
=p k k .                               (              
= = = +⎪⎩ =
v v
p
40) 
Using cm ω=  and Eqs. (39)-(40) one has  
              
2
2 2 2
g g1 ( / ) 1
mc mE
c
= =
− −v v
.                             (41) 
This is exactly the relativistic energy formula. In fact, the group velocity can be viewed 
as a relative velocity between an observer and a guided photon with the effective mass 
gv  
cm ω= . Eqs. (39)-(41) show that the behaviors of guided waves are the sa e as those of de 
Broglie matter waves, such that the guided photon can be treated as a free massive particle. 
rsely, for a massive particle such as the electron, its zitterbewegung phenomenon 
shows that its motion velocity is an average one of velocity-of-light zigzag motion, just as 
the group velocity of the electromagnetic waves that are reflected back and forth by 
perfectly conducting walls as they propagate along the length of a hollow waveguide). 
As we know, a light-like 4-vector can be orthogonally decomposed as the sum of a 
space-like 4-vector and a time-like 4-vector. In our case, the time-like part of the ligh
m
(Conve
t-like 
4-momentum ( , )kμ ω= k  is the effective 4D momentum L ( , )p Eμ = p , it represents the 
4D momentum of photons moving along the waveguide, and is called the traveling-wave or 
active part of kμ ; the space-like part of kμ  is the 4D m T (0, )omentum p mμ μη⊥≡ =k  
( (0, )mμη ⊥≡ k  satisfies 1μμη η = − ), it contributes the effective mass, and is called the 
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stationary-wave or frozen part of kμ . In other words, as the rest energy  
th (i.e., the en e group velocity g 0
 of photons inside
e waveguide ergy as th =v ), the effective mass arises by 
freezing out the degrees of freedom related to the transverse motion of photons inside the 
waveguide. Therefore, we obtain an orthogonal decomp  for ( , )kμosition ω= k  as follows: 
     T L( , )k p pμ μ μω= = +k , T (0, )p mμ μη⊥≡ =k , L ( , )p Eμ = p .        (42) 
Such an orthogonal decomposition is Lorentz invariant because of .  L T 0p p
μ
μ =
Likewise, as for ( , )x tμ = x  with ( , ,i ii 1 2x 3)x x x= =∑x rdinate system e , in the coo
arallel to th aveguide. 1 2 3{ , , }a a a  one has 3 3 j jjx r= =∑e a r , i.e., the 3D vector r  is p e w
Let 1 1 2 2x x⊥ ≡ +x e e , th al decoe orthogon mposition for xμ  can
L
 be written as  
      T( , )x t x xμ μ μ= = +x , T (0, )x μ ⊥≡ x , L ( , )x tμ = r .                (43) 
It is at easy to show th
              LT L T L T T L( )( )k x p p x x p x p x
μ μ μ μ μ
μ μ μ μ .                (44) μ= + + = +
ˆ iThe operator ip xμμ μ= ∂ = ∂ ∂  represents the totally 4D momentum operator of photons 
insid hile  
           
e the waveguide, w
 Lˆ L Li i        p x
μ
μ μ= ∂ = ∂ ∂ ,                              (45) 
represents the 4D momentum operator of photons moving along the waveguide. In spite of 
the boundary conditions for the waveguide, there are no charges in the free space inside the 
waveguide, and then where photons should obey the Dirac-like equation i ( ) 0xμ μβ ψ∂ = . 
Because of T T L L( ) exp( i ) exp[ i( )]x k x p x p x
μ μ μ
μ μ μψ ∼ − = − + , one has L L( ) i ( )p x xμ μψ ψ= ∂ , 
and then  
       L(iL T Ti ( ) ( ) ( ) ( ) ) ( )x k x p p x p x
μ μ μ
μ μ μ μ μβ ψ β ψ β ψ ψ∂ = = + .     (46
0  and 
μ
μβ= ∂ + ) 
Using i ( )xμ μβ ψ∂ = Tp mμ μη= , from Eq. (46) one has Li ( i ) ( ) 0m xμ μ μβ η ψ∂ − = . 
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Let T)exp( i )L T( ) (x x p x
μ
μψ ϕ= − , obviously LL L( ) exp( i )x p xμμϕ ∼ − , we obtain the
n of photons m
                 L( ) 0x
μβ η = .           
ns with the effective mass m. Using Eq. 
(47) ( ) 0xμμη ϕ =  one can obt
st-quantized sense, Eqs. (47 chanical 
equations of photons moving along the wavegu
 Dirac-like 
equatio oving along the waveguide 
L i )mμ μ ϕ∂ −                   (47) 
Eq. (47) is called the Dirac-like equation of photo
i (
and L L L( )x
μ
μη ϕ∂ = ∂ ain the Klein-Gordon equation L
2
L L L( ) ( ) 0m x
μ
μ ϕ∂ ∂ + = .                              (48) 
In the fir )-(48) serve as the relativistic quantum-me
ide, while in the second-quantized sense, 
they are quantum-field-theory equations. It is important to note that, Eqs. (47)-(48) are 
covariant under Lorentz boosts along the direction of the waveguide, and the effective mass 
m is an invariant quantity under such Lorentz transformations. The effective mass m of 
photons inside the waveguide is produced via the symmetry breaking from SO (1, 3) to SO 
(1, 1). From another point of view, only those modes in the form of transverse electric (TE) 
and transverse magnetic (TM) modes can propagate in the waveguide, that is, 
electromagnetic waves inside the waveguide possess the degree of freedom of longitudinal 
polarization and in such a way they obtain the effective mass m. In addition to the Higgs 
mechanism, here we might provide another heuristic way of introducing the vector field’s 
mass (maybe the origin of mass is not unique). 
In terms of the effective mass cm ω= , one can define the equivalent Compton 
wavelength of photons moving along the waveguide ( 1== c= ) 
                    c cc mω≡ 1=
rticle wi a greater precision than its 
 = = .                             (49) 
As we know, it is impossible to localize a massive pa th 
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Com wing to many-par  
w on, the 4D space-time coordinate of photons moving along 
pton wavelength, which o ticle phenomena. Similarly, it is impossible
to localize a photon inside a waveguide with a greater precision than its equivalent 
Compton wavelength, which owing to evanescent-wave phenomena (note that for a 
travelling wave inside the waveguide, there is always an inertial reference frame in which 
its group velocity vanishes).  
IV. SPACE-LIKE BEHAVIORS OF EVANESCENT GUIDED WAVES 
For convenience, from no
the waveguide is rewritten as ( , )x tμ = x  instead of the original L ( , )t r , and then μ =x
ˆL L Li ip x
μ
μ μ= ∂ = ∂ ∂  is rewritten as ˆ i ip xμμ μ= ∂ = ∂ ∂ . A free Feynman propagator (say, 
( )S x y− ) represents the probabi tude for a particle to prop  y  to lity ampli agate from x . 
inside an undersized waveguide, we 
yze the free Feynman propagator of photons along the waveguide. Applying the 
discussions in Section III and the definition Eq. (31), one can obtain the free Feynman 
propagator of photons with the effective mass m as follows (here we rewrite f 1 2i ( )R x x
Therefore, to study the space-like behaviors of photons 
will anal
−  
as f 1 2i ( )G x x− ):  
             f 1 2 T 1 2i ( ) i ( i ) i ( )G x x m S x x
μ
μ μβ η δ ′       (50)
ere the new verse delta-function 
− = ∂ − − .           
wh trans Tδ ′  has component representation ( 3): 
   
, 1, 2,i j =
2
T ) ]ijδ ′ = − .              (51) [( i )( i ) ( iij i i j jm m mδ η η∇ + ∇ + ∇ + η          
The function ( )S x  presented in Eq. (50) can be expressed as:     
3
2 2
1 0( )   S x m
⎧ = − + ≥⎪ p3
2 2
2 03
d 1i exp( i i ),   for 
2(2π)
( ) exp( i ),   for 0<   
2(2π)m
p E x E m
E
S x E x E m m
E
+∞
−∞
−
− + ⋅ =⎪
= − <⎪⎩
∫
∫
p x
q x q
,  (52) 
where the function is the free Feynman propagator of the Klein-Gordon field. In fact, 
3
( )
d 1m
S x
q+
= ⎨⎪ = − − − ⋅
1( )S x  
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for one can prove that E m≥  f 1 2i ( )G x x−  is the Green function of Eq. (47).  
               .                
Eq. (50) implies that the space-like behaviors of photons with the effective mass m can 
be displayed via the function . In fact, all massive fields satisfy the Klein-Gordon 
equation (48) such that their free Feynman propagators are all related to the function 
and their sp aviors are discussed usually by analyzing the sp
of S
. However, in contrary to the usual quantum field theory, our discussion also includes 
4
f 1 2 1 2i ( i ) ( ) ( )m G x x x x
μ
μ μβ η δ∂ − − = −    (53) 
( )S x
1( )S x , 
ace-like beh ace-like behaviors 
1( )x . Likewise, our starting point is to analyze the space-like behaviors of the function 
e of 0 E m< < .  
It is very important to note that, 
( )S x
the cas
c 1πm bω= =  is the lowest-order cutoff frequency, 
and Eqs. (47)-(48) are written in an arbitrary inertial frame of reference. Therefore, the 
d waves with E mguide cω ω= ≥ =  need not be the traveling waves (but the ones with 
0 E m< <  must be the evanescent waves). On the other hand, because the evanescent 
waves oscillate with time as exp( i )tω− , as observ
mation of 
ed in an inertial frame of reference 
moving relative to the waveguide, they can propagate in a time-like way, which is related to  
the Lorentz transfor tω . However, the propagation of the evanescent waves 
e waveguide can be characterized by an exponential damping factor. In the 
following, we will show that such a d ing propagation is actually a space-like one.  
In order to evaluate the integral Eq. (52), let 
through th
amp
0x t= , r=x , and then 
2 2 2x x x t rμ . For time-like interval 2 0x > , let μ= = − 2 cosht x φ=  and 2 sinhr x φ= , 
and there is always an inertial frame in which 0r = ; for space-like interval 2 0x < , let 
2 sinht x φ= −  and 2 coshr x φ= − , and there is always an r hich 0tinertial f ame in w = . 
As φ  varys in [0, )+∞ , 2x  is Lorentz invariant. For convenience we will take 0φ → . 
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Furthermore, the in ction of the s ind is usefultegral representation of the Hankel fun econd k : 
            
π 2
(2)
0
i 2( ) d exp( i cosh d exp( i sin )
π π
H z z z
0
)ϕ ϕ θ θ= − −∫ ∫ .          (54) 
ately d ossible cases: 
1). As E m
+∞
−∞
=
Now, we separ iscuss the two p
ω cω= , rm ]) 
    
= ≥ fo  Eq. (52) one can obtain (a similar reference see Ref. [19
(2) 2 2c
1 c2
(2) 2 2c
1 1 c2
21 ( )   for lightlike sepax xδ⎪− =⎪ 2
( )   for timelike separate 0
8π
i
( ) ( ) ( i )   for spacelike separate 0
8π
rate 0
H x x
x
S x S x H x x
x
ω
ω ω
>⎪⎪⎪⎪= = − − <⎨ −⎪
,    (55) 
where 
ω⎧
4π⎪⎩
(2) (2)
1 0( ) d ( ) dH z H z= − z . As an important special case of , in the limit of 1( )S x
c 0m ω= → , one has ( 0ρ → ): 
                 1 20c
i 1( ) lim ( )
4π i
D x S x
xω ρ→≡ = − .                        (56) 
This is related to the free-space photon propagator. In fact, in the limit of c 0m ω= → , the 
rsal dimensions of the w
waveguide b ree sp . The Hankel function behaves for large arguments 
transve aveguide approach to infinity such that the space inside the 
ecomes a f ace z  as  
           (2) ( ) )]H z , 2 π exp[ i( π 2 π 4z zν ν∼ − − − z → +∞ .             (57) 
1( )S x : Applying Eq. (57) to Eq. (55) one can deduce the asymptotic behaviors of 
          
2 3 4 2 2
c
1
2 3 4 2 2
( ) ( )S x S x
−
c
( ) exp( i )   for  
( ) exp( )    for  
x x x
x x x
ω
ω
−⎧ − → +∞⎪= ∼ ⎨ − − − → −∞⎪⎩
.           (58) 
2). As 0 E m cω< < = , applying spherical polar coordinates to Eq. (52) one can obtain: 
2 2
2 2         2 2
08π rr m
1 1( ) ( ) d exp( i )
m
S x S x t m rκ κ κ∂= = − − − −∫ ,     (59)  
where 
κ∂ −
κ = q . We only concern the evanescent waves, and then the integrating range in Eq. 
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(59) is retaken as , i.e., there does not contain the contr
anti-evanescent waves. From Eq. (59) one can obtain   
 
[0, ]m ibution from the 
(2) 2 2c
1 c2
2
(2) 2 2c
1 c2
( )   for timelike separate 0
16π   ( )S x S= ( )
i
( i )   for spacelike separate 0
H x x
xx
H x x
ω ω
ω ω
−⎧ >⎪⎪= ⎨ −⎪
.    (60) 
−
16π x
− <⎪
Here for convenience the case of 
−⎩
2 0x =  is not concerned, it is not our purpose. Because 
2 1( ) ( ) 2S x S x= −  for , in the limit of2 0x ≠  2x → +∞ , the asymptotic behaviors of 
are the same as those of .  
one hand, one has the recurrence relations 
2 ( )S x  1( )S x
(2) (2)
1( ) d[ ( )] dz H z z H z z ; on the On 
ν ν
ν ν
− −
+ = −
other hand, Eq. (57) shows that the asymptotic behaviors of the Hankel functions (2) ( )H zν  
are similar for different order 0,1, 2ν = …
of the propagator x x−
ld be preserved if our discussi
long the
d  is 
waveguide, the momentum direction of photons 
thou
 Therefore, the time-like and space-like behaviors 
 fi ( )G  (given by Eq. (50)) are similar to those of the propagator 
  
1 2
( )S x .
Furthermore, all physical conclusions here wou on were 
performed in the coordinate system 1 2 3{ , , }e e e  (in which the waveguide is placed a  
direction of 3e  such that =p ), for the moment our discussion would reduction to 
a (1+1) D issue, an related to (2)0 ( )H z  rather than 
(2)
1 ( )H z . In fact, for a given 
3(0,0, )p
( )S x
propagating along the waveguide is fixed, 
gh Eqs. (47)-(48) are written in the 4D form, the integral measures in Eq. (52) should 
be d 2πp  and d 2πq  (p and q are parallel to the waveguide), such that ( )S x  is related 
to (2)0 ( )H z  rather than H  this does not alter any physical conclusion. To 
compare our results w ose in tradition tum field theo  integral measures in 
Eq. (52) are taken as 
(2)
1 ( )z , but
ith th ry, theal quan
3 3d (2π)p  and 3 3d (2π)q . 
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To sum up, Eqs. (55), (58) and (60) together show that, for time-like distances ( 2 0x > ) 
the scillating function slowly decreasing in amplitude ing to the 
pow factor; for space-like distances ( 2 0x
propagator is an o  ow
er-law < ) the propagator rapidly falls to zero 
according to the exponential function, where the scale is set by the inverse cut-off frequency 
of the waveguide ( toi.e., the equivalent Comp n wavelength of photons inside the 
wave
rapid
guide). As mentioned before, the propagation of the evanescent waves through an 
undersized waveguide is characterized by an exponential damping factor. Therefore, the fact 
that the propagator can be nonzero (albeit ly decreasing) also in the region of 
space-like distances, corresponds to the fact that the evanescent waves can propagate 
through the waveguide (i.e., the photonic tunneling phenomenon), which is caused by the 
difficulty to localize a photon on a scale smaller than its equivalent Compton wavelength. In 
fact, a similar statement can be found in standard quantum field theory [19]. 
By the way, if the evanescent and anti-evanescent waves are considered together, i.e., 
the integrating range in Eq. (59) is taken as [ , ]m m− , one has  
         
2
1
1 c2
( )   for timelike separate 0
( )   for spacelike separate 0
8π
S x x
I x x
x
ω
⎧− >⎪
2 2 2c( )S x ω= ⎨ − <⎪ −⎩
where 1( )I z  is the modified Bessel function of the first kind. For the mom
,        (61) 
ent, for large 
space-like distances ( 2x → −∞ ) one has 22 c( ) exp( )S x xω→ − , its physical meaning 
remains to be investigated. In terms of a no ion probability rmalizat P (being proportional to 
a space integral of 22 ( )S x  for , while 
2 0x > 1P =), one has 0P =  for , which 
implies that the space-like behavior will occur to a certainty. 
NTU
2 0x <
V. QUA M-MECHANICAL CAUSALITY 
 20
As discussed abov opagation of  through an undersized 
waveguide is a superluminal one. This space-like process is due to a purely 
quantum-mechanical the following three 
aspects (they are incident with each other):  
e, the pr  the evanescent waves
 effect, and its causality can be discussed from 
ne can resort to the particle-antiparticle 
symm
oton propagates superluminally from A to B as 
obse
lity condition mentioned in some 
quan
1). To avoid a possible causality paradox, o
etry. The process of a particle created at x and annihilated at y as observed in a frame 
of reference, is identical with that of an antiparticle created at y and annihilated at x as 
observed in another frame of reference [20]. In our case, the antiparticle of the photon is the 
photon itself. Therefore, the process that a ph
rved in a frame of reference, is equivalent to that the photon propagates superluminally 
from B to A as observed in another frame of reference.  
2). Though a particle can propagate over a space-like interval, causality is preserved 
provided that a measurement performed at one point cannot affect another measurement at a 
point separated from the first with a space-like interval [21], this implies that the 
commutator between two observables taken at two space-like separated points has to vanish. 
However, it is very important to note that, the causa
tum-field-theory textbooks (e.g., Ref. [21]), i.e., that “the commutator between two 
field operators located at space-like distance must vanish”, is improper provided that these 
field operators are not observable quantities [22-23]. In our case, the canonical 
commutation relations given by Eq. (25) with t t′=  and ′≠x x , vanish for two 
propagation modes, but do not vanish for two evanescent modes (in agreement with the 
conclusion presented in Ref. [24]). Because evanescent modes inside an undersized 
 21
waveguide are not observable [17], causality is preserved. A more detailed discussion can 
be found in Ref. [25].  
3). It is useful to distinguish between two notions ausalit a) strong causality.  
By this we mean that for each individual experiment in which two systems, separated by a 
distance R, are prepared at time t=0, no disturbance or excitation of the second system 
occurs for t<R/c. In Ref. [26] the author shows that strong causality cannot be checked or it 
may fail in a theory. b) w
 of c y [26]: 
eak causality. It means causality for expectation values or 
ense
logy. In particular, we show that the 
ion of the guided evanescent waves corresponds to a known 
conc
mble average only, not for individual process. In a strict sense, weak causality can only 
be checked experimentally for infinite ensembles. Within local quantum field theory a 
rigorous proof of weak causality for local observables has been given in the previous 
literatures [27-28]. In our case, weak causality is valid. 
VI. CONCLUSIONS 
The photon field inside a waveguide can be described by the Dirac-like equation of 
photons with the effective mass m (see Eq. (47)), and one can investigate the propagation of 
the evanescent waves through an undersized waveguide in virtue of photon’s quantum 
theory itself, rather than via a quantum-mechanical ana
superluminal propagat
lusion in quantum field theory and preserves causality in a quantum-mechanical 
manner. In the previous theoretical investigations, the conclusion that the propagation of the 
evanescent waves is a superluminal one is based on the theory of tunneling time. However, 
there are a lot of controversies about the theoretical model of tunneling time [29-32]. As a 
consequence, some people do not think that the guided evanescent waves possess 
 22
superluminal behavior indeed [33-35]. In contrast to this, our conclusion is obtained within 
the framework of quantum field theory and is rigorous.   
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